The selectivity filter of the model calcium channel allows the carboxyl terminal groups of glutamate and aspartate side chains to directly interact with and coordinate the permeating ions. Ion dehydration effects are represented with a Born energy between the dielectric coefficients of the selectivity filter and the bath. High oxygen concentration creates a high field strength site that prefers small ions, as in Eisenman's model. On the other hand, a low filter dielectric constant also creates a high field strength site, but this site prefers large ions, contrary to Eisenman's model. These results indicate that field strength does not have a unique effect on ionic binding selectivity sequences once entropic, electrostatic, and dehydration forces are included in the model. Thus, Eisenman's classic relationship between field strength and selectivity sequences must be supplemented with additional information about selectivity filters such as the calcium channel that has amino acid side chains mixing with ions to make a crowded permeation pathway.
Introduction

If Li
? , Na ? , K ? , Rb ? , and Cs ? are placed in equimolar amounts outside a channel and allowed to permeate, only 11 of the 120 different possible sequences of binding selectivity have been found in actual channels. Eisenman described these selectivity sequences of ion binding in ion channels solely as a function of electrostatics and dehydration (Eisenman 1962; Eisenman and Horn 1983) . His first model (Eisenman 1962 ) ignored many physical properties including entropy that are critical to accurately describe condensed matter systems such as an electrolyte in a channel. Despite its simplicity, Eisenman's model has proven to be remarkably accurate at predicting the 11 sequences that occur.
Here we expand on Eisenman's idea. In an early paper he noted that ''While it is possible to extend the above calculations [for electrochemical potential] to assess the role of adjacent oxygens, silicons, and ''screening'' cations, the lack of detailed knowledge of their positions makes it more profitable at present to simplify the above representations by a single charged monopolar site'' (Eisenman 1962) . In our paper we include these adjacent oxygens and screening charges by modeling the oxygens as halfcharged, mobile spheres that can coordinate the permeating ions. We also include a dielectric constant for the binding site to describe ion dehydration. Overall, this allows us to include electrostatics, dehydration, and entropic forces in our characterization of selectivity sequences in calcium channels, the main class of channels to which our model applies. While Eisenman and Alvarez (1991) have studied the effect of nearby channel atoms in some specific channel structures, our approach allows us to systematically explore all possible outcomes (within the confines of our reduced model) in a system in which all atoms are at their free energy minimum. This approach then gives a broad brushstroke picture of selectivity sequences in calcium channels.
We observe that the two parameters within our model, the oxygen concentration and the filter dielectric constant, predict a wide range of selectivity sequences. Each parameter can increase the filter field strength, either by increasing oxygen concentration or by decreasing the filter dielectric constant. The oxygen concentration creates a typical correlation between the Eisenman sequences and ''field strength.'' However, the dielectric constant of the filter results in a ''high field strength'' site that produces a ''low field strength'' selectivity sequence. Therefore, we conclude that selectivity in a model of a pore crowded with amino acids side chains cannot be characterized by one parameter such as field strength. Since ours is a very simple model, we speculate that the same is true in a real channel, a much more complicated system.
The Eisenman model
In this section we will give a brief review of the basic Eisenman model (1962) , ignoring its many generalizations and extensions [see Eisenman and Horn (1983) and references therein]. Eisenman modeled the alkali ions as equivalent charged spheres with their Goldschmidt radii and the binding site as a sphere with a charge of -1. This model is based on the physics of ion-selective glass electrodes. By simple electrostatic calculations, one can compute the energy of the system to show that the smaller the ion, the higher its affinity for a sphere of that diameter (Eisenman 1962; Hille 2001) .
With just this information, the only selectivity sequence that could be observed would be Li
(sequence XI; Table 1 ). The smaller ion will always be able to move closer to the binding site charge. However, if ions dehydrate before they permeate, Eisenman sequences come from the competition between binding and dehydration, and one can observe a myriad of selectivity sequences. As the size of the binding site sphere changes from small to large, the Eisenman selectivity sequences are observed (Table 1) . Eisenman defined a sequence corresponding to a small sphere as a ''high field strength'' site and those corresponding to a large sphere as ''low field strength.'' He could then apply ''field strength'' to actual channels based on their selectivity properties.
The Eisenman sequences are then the result of two competing phenomena, the attraction of the ion into the charged binding site and the dehydration penalty for entering the binding site. Generalizing the work of Krasne and Eisenman (1973) , Eisenman and Horn (1983) showed that the sequences arise as long as the attraction term falls off as a function of ion size as a lower power than the dehydration term. While this approach is simple in principle, some have criticized this ''field strength'' argument. Armstrong (1989) , for example, demonstrated that the Eisenman procedure is very inaccurate when predicting relative ratios between ions. He also showed that the sequences observed are very sensitive to the particular diameter used. If, for instance, Pauling radii are used in the place of Goldschmidt radii, no K ? selective channels are observed. This makes it possible that the 11 Eisenman sequences do not correspond to Eisenman's ''field strength.'' Table 1 List of all selectivity sequences observed in Fig. 1 As an alternative, Armstrong suggested that any theory that produced a single peak when affinity is plotted as a function of permeant ion radius will produce the Eisenman sequences (plus five others) (Armstrong 1989) . The balance of electrostatic attraction and ion dehydration does this since each energy is monotonic in ion radius (but of opposite sign). Later we show that Armstrong's idea does not hold in our model when the filter dielectric constant is very low.
Reduced calcium channel model
Our model is an extension of Eisenman's original work (Eisenman 1962) . Selectivity within our model is fundamentally based on a balance of dehydration and electrostatics, just like within his model. Eisenman made clear that he wanted to push his model further to include the roles of multiple pore charges and screening cations, but lacked the structural data, ionic theory, and computational power to do so.
Our reduced model of a calcium channel consists of two bulk fluids (homogeneous and infinite in all directions) consisting of ions modeled as charged hard spheres. Water is implicitly present in each compartment as dielectric constants, one for each fluid. One fluid represents the bath outside the channel and contains the permeating ions. The other fluid represents the selectivity filter and contains a given concentration of half-charged oxygen ions (O 1/2-). These oxygens represent the carboxyl oxygens present in the selectivity filter of calcium channels or the carbonyl oxygens of the protein backbone of K ? channels. Koch et al. (2000) have shown that the glutamates of L-type calcium channels face the permeation pathway and therefore can directly interact with the permeating ions.
The oxygens are modeled as a fluid so that they can coordinate the permeating ions, which has been shown to give calcium channels their selectivity (Boda et al. 2000 (Boda et al. , 2002 Gillespie 2008; Nonner et al. 2000) . Because the fluid is infinite in all directions, the model makes no distinction between having n oxygens in a filter of volume v and having an oxygens in a filter of volume av. Thus, any channel geometry is represented through [O 1/2-]; the selectivity filter does not have an explicit length or radius.
[ Nonner et al. 2000) . Theoretical studies support the assumption that oxygen concentration as opposed to size or shape of the filter determines the number of ions that move into the filter (Malasics et al. 2009 ). By changing the oxygen concentration, we alter the charge density of the filter. A higher [O 1/2-] therefore results in a higher field strength site.
The dielectric constant within the filter gives us a way of including water and dehydration (Nonner et al. 2001) . If the dielectric constant within the filter is the same as the bath (78.4), all waters of hydration are free to move into the channel, and there are zero penalties for shedding waters of hydration. On the other hand, if the channel's dielectric constant is lower than that of the bath, the channel can better exclude waters of hydration and thus has penalties for shedding waters of hydration. Reducing the filter's dielectric constant also reduces the amount of water between the screening charge and therefore also increases the interactions between the ions and between the ions and the oxygens. This means that a low dielectric constant results in a high field strength site.
While this model is greatly simplified, it has the key selectivity properties of calcium channels (Nonner et al. 2000) . This model is by no means quantitatively accurate. However, many studies have shown that, in calcium channels, selectivity is determined primarily by a balance of cations entering the filter to screen the negative amino acids and a lack of space in the crowded filter, exactly the two forces that act on the system within our model (Boda et al. 2000 (Boda et al. , 2001 (Boda et al. , 2002 (Boda et al. , 2006 (Boda et al. 2007 Gillespie 2008; Gillespie et al. 2005 Gillespie et al. , 2009 Gillespie and Fill 2008; Malasics et al. 2009; Miedema et al. 2004 Miedema et al. , 2006 Nonner et al. 2000 , 2001 Nonner and Eisenberg 1998 Rodriguez-Contreras et al. 2002 ). This reduced model of amino acids in the selectivity filter has successfully modeled calcium selectivity in the pores such as the L-type calcium channel and the ryanodine receptor. It has also reproduced and predicted experimental data in many cases Gillespie 2008; Gillespie and Fill 2008; Gillespie et al. 2005 Gillespie et al. , 2009 Miedema et al. 2004 Miedema et al. , 2006 Nonner et al. 2000; Rodriguez-Contreras et al. 2002) .
The system in this paper uses the mean spherical approximation (MSA) to compute the electrochemical potential of these ions (Barthel et al. 1998; Blum 1975 Blum , 1980 Nonner et al. 2000; 2001; Waisman and Lebowitz 1970) . Given the bath concentrations, valences, and ionic radii of all the permeating ions and the concentration of oxygens in the filter, we can use the MSA theory for the excess chemical potential to determine the concentration of each bath ion in the filter. Since our system is in equilibrium, the chemical potential for all ions is the same for the bath and the filter so that, for ion species X, is the ion's Gibbs free energy of hydration (Table 2 ), e filter is the filter dielectric constant, and e bath is the bath dielectric constant.
The excess chemical potential contains four terms in this model. An excluded volume portion (l HS X ) represents the chemical potential created by volume exclusion (i.e., two hard sphere ions cannot overlap). The electrostatic portion contains two parts, a mean electrostatic potential (V D ) and a screening component (l SC X ). The former is the long-time, many-particle average of the electrostatic potential, while the latter describes the energy of ions rearranging to screen each other, with small ions lowering the free energy of the system because they screen better than larger ions that cannot approach as closely (Gillespie 2008) . The dehydration term is represented as a Born scaling of the experimental Gibbs free energy of hydration with a dielectric constant, as was done previously by Nonner et al. (2001) .
For the bath, we have the concentrations of all ions within the system, and we set the mean electrostatic potential to 0. This allows us to define the chemical potential for the bath l bath X from the concentrations of the permeating ions. For the filter, however, we only know the concentration of the oxygens, but we do not know the chemical potential of the oxygens because we do not know the final concentrations of permeant ions in the filter. This can be overcome by including the Donnan potential for the filter since solving for V D implicitly defines the oxygens' chemical potential. To find V D , we assume charge neutrality in the filter because it is a bulk fluid. The Donnan potential is almost never 0 and can, under some circumstances, be quite large (e.g., when the permeant ions have large deydration penalties). We can then numerically solve for the unknowns using Mathematica (version 7, Wolfram Research, Champaign, IL) to determine ionic concentrations in the filter and, thus, selectivity.
Results
We considered selectivity of channels with filter e filter ranging from 3 to 80 and oxygen concentration ranging from 1 to 25 M with Li ? , Na ? , K ? , Rb ? , and Cs ? present in the bath at 50 mM. To the bath, 250 mM Cl -was added to balance out the charge from the cations. For each channel, we determined the selectivity sequence of the five cations by computing the concentration of each ion species in the filter. The sequences observed, listed in Table 1 , occurred in distinct regions as shown in Fig. 1 . Eight of the 11 Eisenman sequences were observed, and 10 nonEisenman sequences were observed (lowercase Roman numerals in Fig. 1 ). Selectivity trended towards large ions at low dielectrics and low oxygen concentrations. . Roman numerals correspond to the selectivity sequences listed in Table 1 . Uppercase numerals denote Eisenman sequences and lowercase nonEisenman sequences At high filter dielectric constants (C 75), the oxygen concentration had no effect on selectivity. However, at lower dielectrics increasing the oxygen concentration caused a trend towards small ion selectivity (while keeping e filter fixed). This trend generally followed the Eisenman sequences from I to XI with a few non-Eisenman sequences in a discrete band in the middle of our data range. The higher oxygen concentration increased the weight of the hard sphere and electrostatic terms in the chemical potential (Eq. 1). The hard sphere portion increased as oxygen concentration rose until volume exclusion became the dominant factor in determining selectivity (Fig. 2) . This figure shows, as a function of oxygen concentration, the binding selectivity between K ? and Na ? which was defined by Gillespie (2008) The figure shows each component of the binding selectivity of Eq. 2. The dehydration term remains relatively constant and in favor of K ? since the filter dielectric constant does not change (from 50) during these calculations. As oxygen concentration increases, the hard sphere term becomes larger and eventually increases to over four times the dehydration energy. Since the entropic effect is so large, it is the main determinant of the selectivity of the system in this region of the parameter space.
Changes to the dielectric constant of the filter produce a similar trend with large dielectrics resulting in small ion selectivity (Fig. 3) . Much like in Fig. 2, this figure presents the difference in chemical potential and its components of Eq. 2, this time as a function of dielectric constant in the filter. When the filter dielectric approaches that of the bath (78.4), the dehydration penalties and the electrostatic interaction both approach 0. This means that the excluded volume term becomes the largest determinant of electrochemical potential and thus selectivity in the high e filter regime.
For small filter dielectrics, the picture gets a bit murkier. The screening component of the chemical potential and dehydration both become very large and are of opposite signs, yet the difference between the two is still relatively small. Therefore, small changes to how each term is computed have large effects on the selectivity sequence observed. In order to accurately predict sequences in this region, our model would need more detailed knowledge about the environment of the channel and more accurate theories of the ions and their dehydration. While probably inaccurate in this region, our model should produce the correct trend in selectivity for e filter C 15. ]. The thin solid line corresponds to the screening advantage, the dotted line to the hard sphere advantage, the dashed line to the dehydration advantage, and the thick, solid line to the total of the other four lines, the overall binding selectivity. Positive values indicate the term favors K ? over Na ? accumulating in the filter while negative values indicate the opposite selectivity. The mean electrostatic and ideal gas components are the same for both ions and are not included. In this figure, e filter = 50 While the vast majority of the selectivity sequences produced by the model are Eisenman sequences, we also calculated a band of other sequences (the collection of lowercase Roman numerals in Fig. 1 ). This band represents approximately 8.4% of channels with sequences that do not match any of the 11 standard Eisenman sequences (or even the extended 13 Eisenman sequences). They are broken down in a histogram in Fig. 4 . Ten non-Eisenman sequences were observed, but only five represented more than 1% of the total sequences (Table 1) . These 10 sequences were generally Rb ? or Na ? selective while 1 was Li ? selective. Despite being non-Eisenman sequences, they appeared in a distinct band of oxygen concentrations and dielectrics (Fig. 1) and generally only had one pair of ions out of order when compared to an Eisenman sequence that existed near that band.
Discussion
We have shown that as we change the oxygen concentration and the dielectric constant of the filter within our model, we observe many of the 11 Eisenman sequences in order. As oxygen concentration increases, the sequences trend from I to XI (Table 1) . As the dielectric constant increases the sequences trend from XI to I.
Our model provides two definitions for field strength that correspond to these parameters. A channel with a high oxygen concentration produces a ''high field strength'' sequence because it increases the number of charges within the filter. Because of the steric effects caused by the oxygens, a high [O 1/2-] channel becomes small ion selective and produces a ''high field strength'' sequence.
A low e filter means that water is excluded, increasing charge-charge interactions, and thereby increasing field strength. However, we find that a high e filter produces an Eisenman ''high field strength'' sequence. When the dehydration penalty is negligible (e filter C 70), the channel is selective for small ions at virtually all oxygen concentrations. This appears to contradict Eisenman's definition of electrostatic field strength because a ''high field strength'' selectivity sequence should imply increased charge-charge interaction. Increased charge-charge interactions actually occur at low e filter instead of at high e filter in our calculations, the opposite of what would be classically expected.
In Eisenman's work the binding site charges were fixed in place because the binding site was a glass (Eisenman 1962) . However, calcium channels have mobile binding site charges. This allows for some waters to enter. The filter dielectric constant this produces couples ''field strength'' and the dehydration penalty. The field strength can be decreased by having more waters around the screening charges. This extra water decreases charge-charge interactions while simultaneously decreasing the magnitude of dehydration penalties. In Eisenman's calculations, the number of waters admitted into the channel did not affect selectivity. This is because without an entropic term, the magnitude of the dehydration penalties would have to become much smaller than we calculate before they would affect selectivity.
In the Eisenman model of a glass electrode, a single particle moving to a single binding site has no entropic effect; the screening charge does not have to fit between other screening ions and compete for space. However, this model of rigid glass electrodes may not be a good representation of a calcium channel that has amino acid side chains crowding the permeation pathway. In our model, the excluded volume term is relatively constant as a function of e filter in our chemical potential calculations (Fig. 3) . Therefore, at high dielectric constants the relative differences between the dehydration penalties would not alter selectivity because the hard sphere term is so much larger than the dehydration penalties. Once entropic effects are included and charge-charge interaction is coupled with dehydration energy through a dielectric constant, we observe large ion selectivity in certain ''high field strength'' sites (Fig. 3) .
While ''field strength'' may not work as a determinant of selectivity, our calculations generally support the monotonic viewpoint of Armstrong (1989) when e filter [ 15. Only a single peak in an affinity (ion concentrations in the filter) as a function of ionic diameter is observed for all of the channels with Eisenman sequences, which were 91% of the observed sequences. However, among the non-Eisenman sequences we computed, only 1 of the 10, namely (iv), followed Armstrong's argument. The other nine non-Eisenman sequences depart from Armstrong's argument and occurred mostly at very low (e filter B 15) filter dielectric constants (Fig. 1) . In fact, at extremely low filter dielectric constant (e filter B 8) we found multiple peaks when affinity is plotted versus ionic radius (data not shown). However, below e filter = 15 our model is probably quite inaccurate because of the very large attractive Coulombic forces and the very large repulsive dehydration penalties (Fig. 3) . The balance of these two large forces will always be hard to calculate, and our simple model is no exception.
This parameter space region of low filter dielectric constant is also interesting because these parameters characterize potassium channels. Potassium channels can generally be described as excluding almost all waters and as having a large dipole and oxygen density (Doyle et al. 1998) . This describes exactly the lower region of Fig. 1 in which most of these sequences occur. Our data show K ? versus Na ? selectivity only in essentially gaseous environments (very low oxygen concentration and e filter ), which is consistent with gas-phase experiments of ion binding with water molecules (Dzidic and Kebarle 1970) . This seems to contradict the idea that potassium channels have large oxygen concentrations and low dielectric constants. However, theoretical studies on potassium channels show that the key difference between our high oxygen/low dielectric channels and a potassium channel is the lack of constraint on oxygen movement in our model; in the potassium channel the oxygens cannot move to fully coordinate the permeating ions. A potassium channel's filter charges are not present in the permeation pathway as in our model, and they do not move very freely as we allow our oxygens to do (Fowler et al. 2008) . This constraint on the oxygens' ability to fully coordinate the permeating ions produces K ? selectivity over Na ? . This supports the argument that constraints on the oxygens' freedom of movement produces K ? selectivity (Bostick and Brooks 2007; Thomas et al. 2007; Varma and Rempe 2007; Varma et al. 2008) .
Conclusion
Our reduced model of a calcium channel produces 8 of the 11 Eisenman sequences, showing that the basic results of Eisenman continue to have staying power. The nonEisenman sequences we found were only 8.4% of the sequences we calculated. However, contrary to Eisenman's classic mechanism for these selectivity sequences, we found that in a model with entropic, electrostatic, and dehydration components, electrostatic field strength does not relate directly and monotonically to selectivity sequences. Specifically, two different model parameters could be used to define a high field strength binding site, but they produced exactly opposite selectivity sequences (I and XI). Since a real channel is much more complex than our model, we conclude that the field strength characterizations probably do not hold in real channels as well.
